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LetG be a simple graphof ordern, and letμ1  μ2  · · ·  μn = 0
be the Laplacian spectrum of G. The Laplacian-energy-like invariant
ofG (LEL for short) is defined as LEL(G) = ∑n−1i=1 √μi . In this paper, a
new lower bound for LEL of graphs in terms of themaximum degree
is given. Meanwhile, an upper bound and a lower bound for LEL of
the line graph (resp., the subdivision graph and the total graph) of a
regular graph G are obtained.
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1. Introduction
In this paper, we always assume that G is a simple graph with vertex set V(G) = {v1, . . . , vn}.
Denote by A(G) and D(G) the adjacency matrix and the diagonal matrix with the vertex degrees of G
on thediagonal, respectively. Thematrix L(G) = D(G)−A(G) is called the Laplacianmatrix ofG [15,16].
Denote by χG(λ) and PG(μ) the adjacent characteristic polynomial det(λI − A(G)) and the Laplacian
characteristic polynomial det(λI − L(G)) of G, respectively. The multiset of eigenvalues of A(G) (resp.,
L(G)) are called the adjacency (resp., Laplacian) spectrum of G. Since A(G) and L(G) are real symmetric
matrices, their eigenvalues are real numbers. So we can assume that λ1  λ2  · · ·  λn and
μ1  μ2  · · ·  μn are the adjacency eigenvalues and the Laplacian eigenvalues of G, respectively.
If the graph G is connected, then μi > 0 for i = 1, 2, . . . , n − 1 and μn = 0 [15].
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One of the most remarkable chemical application of graph theory is based on the close corre-
spondence between the graph eigenvalues and the molecular orbital energy levels of π-electrons
in conjugated hydrocarbons. For the Hüchkel molecular orbital approximation, the total π-electron
energy in conjugated hydrocarbons is given by the sum of absolute values of the eigenvalues corre-
sponding to the molecular graph G in which the maximum degree is not more than three in general.
In 1978, Gutman [4] extended the concept of energy to all simple graphs G, and defined the energy of
G as
E(G) =
n∑
i=1
|λi(G)|.
Various properties of graph energy may be found in [5,8].
The Laplacian-energy-like invariant of a graph G (LEL for short) defined as
LEL(G) =
n−1∑
i=1
√
μi (1)
was first introduced by Liu and Liu [14]. After the publication of the paper [14], a number of properties
of LEL have been established [9–11,18,19]. It could be shown that LEL has many analogous properties
as graph energy [9,11,14,18]. For example, [18] exhibited similarities between them by showing that
among the n-vertices trees, the star Sn has minimal LEL and the Pn has maximal LEL. Therefore, there
are several upper bounds obtained for LEL, but only a few lower bounds because it appears to bemuch
more difficult to find lower bounds than upper bounds. In [20], it was shown that LEL describes well
the properties which are accounted by the majority of molecular descriptors: motor octane number,
entropy, molar volume, molar refraction, particularly the acentric factor AF parameter, but also more
difficult properties like boiling point, melting point and partition coefficient LogP. In a set of polycyclic
aromatic hydrocarbons, LEL was proved [20] to be as good as the Randic´ index and better than the
Wiener index. Another interesting result is the comparisonbetweenKirchhoff index and the Laplacian-
energy-like invariant [3].
From the definition, one can immediately get the Laplacian-energy-like invariant of a graph by
computing the Laplacian eigenvalues of the graph. However, it is rather hard to deal directly with
Laplacian matrix L(G) even for special graphs. So, many researchers established a lot of lower and
upper bounds to estimate the invariant for some classes of graphs. Stevanovic´ [18] obtained the upper
and lower bounds for LEL of trees (It is worth noting that Ilic´ et al. in [11] corrected the original proof
of the Lemma 2 in [18]). Similarly, Stevanovic´ and Ilic´ [19] gave the upper and lower bounds for LEL
of unicycle graphs. He and Shan [10] presented the lower bound for LEL of bicycle graphs. For further
details, the readers refer to the comprehensive survey [12].
In this paper, we continue to study the bounds for LEL of graphs. In Section 2 we give a new lower
bound for LEL of graphs in terms of the maximum degree. An upper bound and a lower bound for LEL
of the line graph (resp., the subdivision graph and the total graph) of a regular graph G are obtained
in Section 3.
2. Bounds for Laplacian-energy-like invariant
In this section, we will give a lower bound of LEL of a nonempty graph. The following fundamental
properties of the LEL were established in [14].
Lemma 2.1. Let G be a graph with n vertices and m edges.
(i) LEL(G)  0, and equality holds if and only if m = 0.
(ii) If the graph G has components G1, . . . , Gp, then LEL(G) = ∑pi=i LEL(Gi).
From Lemma 2.1 (ii), when we study the Laplacian-energy-like invariant of a graph G, we may
assume that G is connected.
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The first Zagreb index Zg(G) of a graph G is defined as Zg(G) = ∑u∈V(G) d2u, where du denotes the
degree of vertex u in G. This quantity found many applications in chemistry [6].
Let Kn be the complete graph with n vertices.
Theorem 2.2. Let G be a graph with n vertices, m  1 edges and maximum degree . Then
LEL(G) 
√
(2m)3
n2 + 2m , (2)
and the equality holds if and only if G ∼= Kn.
Proof. Note that Zg(G) = ∑u∈V(G) d2u  ∑u∈V(G) du = (2m)  n2, and the equality holds if
and only if either du =  for all u ∈ V(G), i.e., G is -regular, or du = 0 for all u ∈ V(G). The latter
case is impossible sincem  1. Hence, Zg(G) = n2 if and only if G is -regular.
By Hölder inequality, we have
n−1∑
i=1
(√
μi
)2 = n−1∑
i=1
(√
μi
) 4
3 (
√
μi)
2
3

⎡
⎣n−1∑
i=1
(
(
√
μi)
4
3
)3⎤⎦
1
3
⎡
⎣n−1∑
i=1
(√
μi)
2
3
) 3
2
⎤
⎦
2
3
=
⎛
⎝n−1∑
i=1
(
√
μi)
4
⎞
⎠
1
3
⎛
⎝n−1∑
i=1
√
μi
⎞
⎠
2
3
.
Sincem  1,∑n−1i=1 μ2i = 0, hence
n−1∑
i=1
√
μi 
√√√√√
(∑n−1
i=1 μi
)3
∑n−1
i=1 μ2i
. (3)
The equality holds if and only if
√
μ1 = √μ2 = · · · = √μn−1. Note that ∑n−1i=1 μi = 2m and∑n−1
i=1 μ2i = Zg(G) + 2m. It follows from (3) that
LEL(G) =
n−1∑
i=1
√
μi 
√√√√ (2m)3
Zg(G) + 2m 
√
(2m)3
n2 + 2m .
From the argument above, it is clear that the equality in (2) holds if and only if G is a regular
and
√
μ1 = √μ2 = · · · = √μn−1. Therefore G is a −regular graph and L(G) has two distinct
eigenvalues μ1, 0. It follows that G is a regular graph with two distinct eigenvalues (of the adjacency
matrix)  − μ1 and  with multiplicities n − 1 and 1, respectively. Then by Smith’s theorem [17], G
must be a complete graph. 
Recall from [12] that a lower bound for LEL was given as follows.
Lemma 2.3. Let G be a graph with n vertices and m edges. Then
LEL(G)  2m√
n
, (4)
with equality if and only if G ∼= Kn or G ∼= Kn.
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Remark 1. For m, n  1, the two lower bounds in (2) and (4) of LEL are not comparable. Indeed, let
G be the cycle with 4 vertices. Then n = 4,m = 4,  = 2 and the bound in (2) is 8
√
3
3
, but the bound
in (4) is 4. Let G be the star with 4 vertices. Then n = 4,m = 3, = 3 and the bound in (2) is 6√
7
, but
the bound in (4) is 3.
Combine Theorem 2.2 with Lemma 2.3, we have
Proposition 2.4. Let G be a graph with n vertices, m  1 edges and maximum degree . Then
LEL(G)  max
⎧⎨
⎩
√
(2m)3
n2 + 2m ,
2m√
n
⎫⎬
⎭ (5)
and the equality holds if and only if G ∼= Kn.
3. LEL in line, subdivision and total graphs of a regular graph
In this section, we will explore the Laplacian-energy-like invariant of the line graph, subdivision
graph and total graph of a regular graph.
We first consider the case for line graphs. If G is a graph and L(G) = L1(G) is its line graph, then
Lt(G), t = 2, 3, . . ., defined recursively via Lt(G) = L(Lt−1(G)), are the iterated line graphs of G. It
is both consistent and convenient to set G = L0(G).
Let G be a regular graph of order n0 and of degree r0. Then Ls(G) is regular for s = 1, 2, . . . , t.
Denote by ns and rs the order and degree of Ls(G), respectively. Then
nt = 1
2
rt−1nt−1 and rt = 2rt−1 − 2, t = 1, 2, 3, . . .
and so
rt = 2t r0 − 2t+1 + 2, nt = n0
2t
t−1∏
j=0
rj = n0
2t
t−1∏
j=0
(2jr0 − 2j+1 + 2)
for t = 1, 2, . . ..
It is well known that
χL(G)(λ) = (λ + 2)n1−n0χG(λ + 2 − r0) (6)
and
PG(μ) = (−1)n0χG(−μ + r0). (7)
It follows from (6) and (7) that
PL(G)(μ) = (μ − 2r0)n1−n0PG(μ). (8)
Thus the eigenvalues of the matrix L(L(G)) are:
⎛
⎝ 2r0 μ1 μ2 . . . μn0
n1 − n0 1 1 . . . 1
⎞
⎠ ,
where μ1  μ2  . . .  μn0 are the Laplacian eigenvalues of G.
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Analogously, the eigenvalues of the matrix L(Lt+1(G)) are:
⎛
⎜⎝ 2rt μ1(L
t(G)) μ2(Lt(G)) . . . μnt (Lt(G))
nt+1 − nt 1 1 . . . 1
⎞
⎟⎠ ,
where μ1(Lt(G))  μ2(Lt(G))  . . .  μnt (Lt(G)) are the Laplacian eigenvalues of Lt(G).
Theorem 3.1. Let G be a regular graph of n vertices and of degree r. Then
LEL(L(G))  n(r − 2)
2
√
2r +
√
(n − 1)nr, (9)
and the equality holds if and only if G ∼= Kn.
Proof. Since μi = r − λn−i+1(G), i = 1, . . . , n, ∑ni=1 λi(G) = 0, and λ1(G) = r, by the Cauchy–
Schwarz inequality, we have
LEL(L(G)) = n(r − 2)
2
√
2r +
n−1∑
i=1
√
r − λn−i+1(G)
 n(r − 2)
√
2r
2
+
√√√√√(n − 1) n−1∑
i=1
[r − λn−i+1(G)]
= n(r − 2)
2
√
2r +
√√√√√(n − 1)
⎡
⎣(n − 1)r − n−1∑
i=1
λn−i+1(G)
⎤
⎦
= n(r − 2)
2
√
2r +
√
(n − 1)nr.
Clearly, the equality holds if and only if λ2(G) = · · · = λn(G). It follows from the fact that the number
of distinct adjacency eigenvalues of a connected graph with diameter d is at least d + 1 [2,7] that G
must be a complete graph. 
As a directly consequence of Theorem 3.1, we have
Corollary 3.2. Let G be a regular graph on n vertices and of degree r. Then
LEL(Lt+1(G))  nt(rt − 2)
2
√
2rt +
√
(nt − 1)ntrt,
and the equality holds if and only if Lt (G) ∼= Kn.
Theorem 3.3. Let G be a regular graph of n vertices and of degree r. Then
LEL(L(G)) > n(r − 2)
2
√
2r.
Proof. Since μi > 0 for i = 1, 2, . . . , n − 1 and μn = 0 for any connected graphs, we have
LEL(L(G)) = n(r − 2)
2
√
2r +
n∑
i=1
√
μi >
n(r − 2)
2
√
2r. 
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Next we consider the case of subdivision graphs. The subdivision graph of G, denoted by S(G), is
the graph obtained by replacing every edge in G with a copy of P2 (“subdividing” each edge).
Let G be a r-regular graph with n vertices andm edges. It is shown in[13] that
PS(G)(μ) = (−1)m(2 − μ)m−nPG(μ(r + 2 − μ)), (10)
where PS(G)(μ) is the characteristic polynomial of the matrix L(S(G)). Therefore, the eigenvalues of
the matrix L(S(G)) are:⎛
⎝ 2 μ1(L(S(G))) μ′1(L(S(G))) . . . μn(L(S(G))) μ′n(L(S(G)))
n(r−2)
2
1 1 . . . 1 1
⎞
⎠ ,
where
μi(L(S(G))) =
r + 2 +
√
(r + 2)2 − 4μi
2
,
μ
′
i(L(S(G))) =
r + 2 −
√
(r + 2)2 − 4μi
2
,
and μi, i = 1, 2, . . . , n are the Laplacian eigenvalues of G.
Theorem 3.4. Let G be a regular graph of n vertices and of degree r. Then
√
2n(r − 2)
2
+ n√r + 2 < LEL(S(G))  (n − 1)√r + √r + 2 +
√
2(nr − 2)
2
,
the right equality holds if and only if G ∼= K2.
Proof. Since μi = r − λn−i+1(G), i = 1, 2, . . . , n,∑ni=1 λn(G) = 0 and λ1(G) = r, we have
LEL(S(G)) =
√
2n(r − 2)
2
+
n∑
i=1
(√
μi(L(S(G))) +
√
μ
′
i(L(S(G)))
)
=
√
2n(r − 2)
2
+ √r + 2 +
n−1∑
i=1
(√
μi(L(S(G))) +
√
μ
′
i(L(S(G)))
)
=
√
2n(r − 2)
2
+ √r + 2
+
n−1∑
i=1
⎛
⎜⎜⎝
√√√√ r + 2 + √r2 + 4λn−i+1 + 4
2
+
√√√√ r + 2 − √r2 + 4λn−i+1 + 4
2
⎞
⎟⎟⎠ .
Note that −r  λi(G) < r, i = 2, 3, . . . , n by Perron–Frobenius theorem. Consider the function
f (t) =
√√√√ r + 2 + √r2 + 4t + 4
2
+
√√√√ r + 2 − √r2 + 4t + 4
2
, −r  t < r.
Then the derivative function of f (t) is
f ′(t) =
√
r+2−√r2+4t+4
2
−
√
r+2+√r2+4t+4
2
2
√
(r − t)(r2 + 4t + 4)
, −r  t < r.
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It is easy to see that f (t) is decreasing for −r  t < r. Therefore
√
2n(r − 2)
2
+ √r + 2 +
n−1∑
i=1
g(r) < LEL(S(G))
and
LEL(S(G)) 
√
2n(r − 2)
2
+ √r + 2 +
n−1∑
i=1
g(−r).
The equality holds if and only if G is a regular graph and λ1(G) = r, λ2(G) = · · · = λn(G) = −r. It
follows that G is a complete graph with two vertices, i.e. G ∼= K2. 
Lastly, we consider the case of the total graph of a graph. The total graph of G, denoted by T(G),
is the graph whose vertices correspond to the union of the set of vertices and edges of G, with two
vertices of T(G) being adjacent if and only if the corresponding elements are adjacent or incident in G.
The next lemma gives the eigenvalues of the total graph of a regular graph.
Lemma 3.5 [1]. If G is a regular graph of degree r(> 1) with n vertices and m(= 1
2
nr) edges, then T(G)
has m − n eigenvalues equal to −2 and the following 2n eigenvalues
1
2
(2λi + r − 2 ±
√
4λi + r2 + 4) (i = 1, 2, . . . , n),
where λi, i = 1, . . . , n are all eigenvalues of G.
If G is regular, then T(G) is also regular. In particular, T(G) is a regular graph of order n(r+2)
2
and of
degree 2r, where n and r are the order and degree of G, respectively. It follows from Lemma 3.5 the
Laplacian spectrum of L(T(G)) is
⎛
⎝ 2r + 2 μ1(L(T(G))) μ′1(L(T(G))) . . . μn(L(T(G))) μ′n(L(T(G)))
n(r−2)
2
1 1 . . . 1 1
⎞
⎠ , (11)
where
μi(L(T(G))) = 3r + 2 − 2λi −
√
r2 + 4 + 4λi
2
,
μ
′
i(L(T(G))) =
3r + 2 − 2λi +
√
r2 + 4 + 4λi
2
,
and λi = λi(G), i = 1, 2, . . . , n is the adjacency eigenvalues of G.
Theorem 3.6. Let G be a regular graph of n vertices and degree r. Then
(i) LEL(T(G)) >
√
2n(r−2)
2
√
r + 1 + n√r + 2, and
(ii) LEL(T(G))  (n− 1)√3r +
√
2(nr−2)
2
√
r + 1+√r + 2, the equality holds if and only if G ∼= K2.
Proof. Note that the total graph of complete graph K2 is complete graph K3. If r = 1, then G is a
disjoint union of copies of K2 and hence T(G) is a disjoint union of copies of K3, i.e. G ∼= n2K2 and
T((G)) ∼= n2K3, where n is even . It follows from Lemma 2.1 (ii) and LEL(K3) = 2
√
3 that
LEL(T(G)) = √3n. (12)
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In this case, that is r = 1,
√
2n(r − 2)
2
√
r + 1 + n√r + 2 = (√3 − 1)n < √3n
and
(n − 1)√3r +
√
2(nr − 2)
2
√
r + 1 + √r + 2 = √3n + (n − 2)  √3n,
the equality holds if and only if n = 2, that is, G ∼= K2.
If r  2, then by(1) and (11), we have
LEL(T(G)) = n(r − 2)
2
√
2(r + 1) +
n∑
i=1
(√
μi(L(T(G))) +
√
μ
′
i(L(T(G)))
)
=
√
2n(r − 2)
2
√
r + 1 + √r + 2
+
n∑
i=2
⎛
⎜⎝
√√√√3r + 2 − 2λi − √r2 + 4 + 4λi
2
+
√√√√3r + 2 − 2λi + √r2 + 4 + 4λi
2
⎞
⎟⎠ .
Note that −r  λi(G) < r, i = 2, 3, . . . , n by Perron–Frobenius theorem. Consider the function
g(t) =
√√√√3r + 2 − 2t − √r2 + 4 + 4t
2
+
√√√√3r + 2 − 2t + √r2 + 4 + 4t
2
,
where −r  t < r. The derivative function of g(t) is
g′(t) = (1 − h(t))
√
6r + 4 − 4t − 2h(t) − (1 + h(t))√6r + 4 − 4t + 2h(t)
4h(t)
√
(2r + 3 − t)(r − t) ,
where h(t) = √r2 + 4 + 4t,−r  t < r. It is clear that g(t) is decreasing for −r  t < r. It follows
that
LEL(T(G)) >
√
2n(r − 2)
2
√
r + 1 + √r + 2 +
n∑
i=2
g(r)
=
√
2n(r − 2)
2
√
r + 1 + n√r + 2
and
LEL(T(G))
√
2n(r − 2)
2
√
r + 1 + √r + 2 +
n∑
i=2
g(−r)
= (n − 1)√3r +
√
2(nr − 2)
2
√
r + 1 + √r + 2.
That LEL(T(G)) =
√
2n(r−2)
2
√
r + 1+√r + 2+∑ni=2 g(−r) if and only if G is a regular graph and
λ1(G) = r, λ2(G) = · · · = λn(G) = −r. It follows that G is a complete graph with two vertices, i.e.
G ∼= K2. This is impossible since r  2.
Summing up, we complete the proof. 
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